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Abstract
We compute the two-body one-loop effective action for the matrix theory in the
pp-wave background, and compare it to the effective action on the supergravity
side in the same background. Agreement is found for the effective actions on
both sides. This points to the existence of a supersymmetric nonrenormalization
theorem in the pp-wave background.
1 Introduction
The Matrix model of M-theory proposed by [1, 2] is believed to give a non-perturbative
description of quantum gravity. In the original paper [1], the authors computed gravi-
ton scattering in flat space using the Matrix model and found exact agreement with 11-
dimensional Supergravity, which is believed to be the low energy limit of M-theory. The
result also suggested the existence of a nonrenormalization theorem for the v4 term in
the effective action, which was subsequently confirmed by the study of supersymmetry in
[5, 6, 7, 8, 9, 10, 11]. Since then, more detailed investigations have been performed in flat
space [12, 13, 14, 15, 16, 17, 18, 19]. The Matrix model in a weakly curved background was
proposed by Taylor and Van Raamsdonk in [20]. The case of a space weakly curved in the
transverse directions was checked explicitly in [21].
The Matrix Theory action in the pp-wave background was proposed in [24]. Since this
new action is exact in this curved background, it could provide further tests of the Matrix
conjecture beyond the proposal on weakly curved backgrounds in [20]. In addtion it is
different from the case in [21], because the background metric now has a nontrivial g++
component.
The goal of this paper is to compare two-graviton scattering in the pp-wave background
in Matrix Theory and Supergravity. An agreement will provide evidence for: (1) the exis-
tence of a supersymmetric nonrenormalization theorem in pp-wave background for the terms
compared; (2) Matrix model as a description of M-theory in the pp-wave background. As
pointed out by [22, 23], Matrix Theory in a generic curved background is not expected to
agree with Supergravity. In the pp-wave case, however, we do find precise agreement as will
be shown in this paper. This is likely to be a result of the large number of supersymmetries
of the pp-wave background.
The paper is organized as follows. In Section 2, we briefly review the previously known
results in flat space and in weakly curved backgrounds. In Section 3, the approximations
and limits of our computation are discussed. In Section 4 through Section 7, we present
the computation on the Matrix Theory side. In Section 8 we present the computation on
the Supergravity side. In Section 9 we discuss some possible future directions. Some of the
technical details are given in the Appendices.
1
2 A Brief Review of Known Results
In [13], the one-loop effective potential for two gravitons in flat spacetime background was
computed in Matrix Theory to be:
V 1−loopeff =
15NpNsv
4
16M9R3r7
(1)
where Np and Ns are the numbers of D0-branes making up the probe graviton and source
graviton, respectively, v and r are the transverse relative velocity and distance between them,
M is the 11-dimensional Planck mass, and R is the radius of compactification in DLCQ. This
effective potential agrees precisely with the Supergravity result [16].
In [21], the effective potential for a weakly curved background with nontrivial transverse
metric components was computed. Again agreement was found. In fact, the only modifica-
tion needed was the replacement of r by d, the geodesic distance between the two gravitons.
3 The Effective Potential, Veff
In this paper, the main object for comparison on both sides is the effective potential Veff .
The computation is carried out in the DLCQ formalism, which was proposed in Susskind’s
finite N conjecture [2], and further elucidated by [3, 4]. In this formalism x− and x− + 2πR
are identified. p− is therefore quantized in units of 1/R.
The implications of such a lightlike compactification, however, are far from trivial[25].
One such complication arises from the longitudinal zero modes, which appear to cause per-
turbative amplitudes to diverge. In addition, there are concerns that the DLCQ of M-theory
in the low energy limit is not necessarily the DLCQ of 11-dimensional Supergravity because
some exotic degrees of freedom such as membranes wrapped around the lightlike direction
may contribute.
Here we are going to take the viewpoint in [26]. Essentially, the presence of a source exerts
a pressure that decompactifies the region surrounding it, rendering x− effectively spacelike
by providing a nonzero g−− component in the metric. In the limit of large N, this bubble
of 11-dimensional space expands, and the approximation of Supergravity as a low energy
description is thus justified. This view is further elucidated in [27], and we do not expect
new issues to arise in the pp-wave background.
It was also argued in [27] that the perturbative calculations in Matrix Theory and Su-
pergravity have different regions of validity (E/M > N1/3 and E/M < N−1). Therefore,
in general there is no reasons why they should match as each effective action is valid only
within its own energy scale. Thus a mismatch does not immediately invalidate the Matrix
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Conjecture. An exact match, however, will point to the existence of a nonrenormalization
theorem, which protects the terms evaluated from gaining higher loops corrections. If such
a nonrenormalization theorem does exist, then the agreement of both sides can be viewed
as positive evidence for the Matrix Conjecture. It is with these points in mind that the
comparison of the effective action is made here.
On the Matrix Theory side, the effective potential is computed up to 1-loop. As in flat
space, it should correspond to to terms of order κ211 on the Supergravity side. The relation
κ211 = 16π
5/M9 [16] means only terms of order 1/M9 are relevant on the Matrix Theory side
for the purpose of such comparison.
A natural length scale that arises on the Matrix Theory side is 1/(M3R)1/2, which for
convenience we will denote as (α)1/2. 1 In addition to the low velocity and large r approxi-
mation necessary to facilitate comparison in flat space, we will assume also:
α2µ2
r2
<< 1 (2)
where µ is the 123+ component of the four-form field strength.
This dimensionless number, as we will see in eqn(3), is simply the relative strength of
the new terms in the action arising from the pp-wave background to the quartic terms
already present in flat space. In the opposite limit, r
2
α2µ2
<< 1, the effective potential on
the Matrix Theory side resums to give 1/µ dependence2, which does not appear possible to
be reproduced on the Supergravity side. In fact, this is nothing new. A similar issue arises
already in flat space, where the effective potential only matches when we take the small v
and large r limit, or more precisely, by expanding on the small parameter vα/r2. In other
words, even with the existence of a nonrenormalization theorem, the results on both sides
should only be compared at very large r, where Supergravity is applicable.
4 Background Field Method
We will follow the Background Field Method as reviewed in [29]. X is expanded into a
background field B and a fluctuating field Y , i.e. X = B + Y . Only the part of the action
that is quadratic in Y will be of interest below.
The Matrix Model action in the DLCQ of M-theory in the maximally supersymmetric
1This α should not be confused with the string scale α′.
2This can be seen in eqn(14), a typical term in the effective potential.
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pp-wave background is [24]:
S =
∫
dtTr
{
9∑
I=1
1
2R
(D0X
I)2 + iψTD0ψ +
(M3R)2
4R
9∑
I,J=1
[XI , XJ ]2 + (M3R)
9∑
J=1
ψTγJ [ψ,XJ ]
+
1
2R
[
−(µ
3
)2
3∑
i=1
(X i)2 − (µ
6
)2
9∑
a=4
(Xa)2
]
− iµ
4
ψTγ123ψ
−(M
3R)µ
R
i
3∑
i,j,k=1
ǫijkTr(X
iXjXk)
}
(3)
where D0X = ∂tX
I − i[X0, XI ]
Taking the ratios of any of the µ-dependent terms to the µ-independent non-derivative
terms gives the parameter in eqn(2). In other words, the assumption stated in the previous
section is identical to treating the new terms arising from the pp-wave background as a
perturbation to flat space. Note that this is exactly the opposite of the approximation made
in [28], where the µ-independent terms are treated as perturbations to the µ-dependent
terms. While the computation of the 1-loop effective potential is possible in both limits on
the Matrix Theory side, an agreement with Supergravity is possible only in the large r limit
given in eqn(2).
In what follows, unless stated otherwise, we will always assume the indices i goes from 1
to 3, a goes from 4 to 9, and I goes from 1 to 9.
In addition to the action above, there are terms arising from the ghosts and gauge fixing,
which we simply state below:
Sgf =
∫
dtTr
[
− 1
2R
(∂tX0 + i[Bi, Xi])
2
]
(4)
Sghost =
∫
dtTr
[
c∂2t c− ∂tc[X0, c] + c[Bi, [X i, c]]
]
(5)
Thus, the complete Matrix Theory action is:
SM = S + Sgf + Sghost (6)
To simplify the notation, we will put M3R = 1/α = 1. This factor can be restored by
dimensonal analysis. It is also convenient to define g2 ≡ R, which corresponds to a loop
counting parameter in the Matrix Theory.
4
4.1 Expansion About The Backgroud
The fields X , ψ, and c are expanded in the following way, with a purely bosonic background.
Here we set Np = Ns = 1, i.e. we deal with 2× 2 matrices (much interesting work has been
done on matrix quantum mechanics in flat space, e.g. [33, 34] ). We will later restore Np
and Ns:
Xµ = Bµ + gYµ ; µ = 0, 1, 2, ..., 9
BI =
(
xI 0
0 0
)
; YI =
(
ζI zI
zI ζ˜I
)
B0 =
(
0 0
0 0
)
; Y0 =
(
ζ0 z0
z0 ζ˜0
)
ψ =
(
η θ
θ η˜
)
; c =
(
ǫ c1
c2 ǫ˜
)
The above background has the interpretation of one graviton (the source) sitting at the
origin3, while another graviton (the probe) approaches from the position given by xI in the
matrix B. We will use the shorthand r2 =
∑9
I=1(x
I)2.
After a Wick rotation, where we define S = iS(E) and τ = it, and at the same time
rotating X0 to iX
(E)
0 , the quadratic part of the action is:
4
S(E)boson =
∫
dτ
{
− 1
2
ζ0∂
2
τ ζ0 −
1
2
ζ˜0∂
2
τ ζ˜0 +
1
2
ζi(−∂2τ + (µ/3)2)ζi +
1
2
ζa(−∂2τ + (µ/6)2)ζa
+
1
2
ζ˜i(−∂2τ + (µ/3)2)ζ˜i + ζ˜a(−∂2τ + (µ/6)2)ζ˜a
+ z0(−∂2τ + r2)z0 − 2i∂τxI(zIz0 − z0zI)
+ zi(−∂2τ + r2 + (µ/3)2)zi + za(−∂2τ + r2 + (µ/6)2)za − iµǫijkxizjzk
}
(7)
S(E)fermion =
∫
dτ
{
η(i∂τ − iµ
4
γ123)η + η˜(i∂τ − iµ
4
γ123)η˜ + 2θ(i∂τ + xIγI − iµ
4
γ123)θ
}
(8)
S(E)ghost =
∫
dτ
{
ǫ∂2τ ǫ + ǫ˜∂
2
τ ǫ˜ + c1(∂
2
τ − r2)c2 + c2(∂2τ − r2)c1
}
(9)
3Another possible interpretation is a transverse five brane at the origin [32].
4For simplicity, all subsequent superscripts of (E) on the Euclideanized fluctuation fields will be omitted.
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4.2 The Sum Over Mass
The partition function, Z of the above action can be computed as a product of functional
determinants. The 1-loop effective action Γ is then simply related to Z via:
exp(−Γ) = Z (10)
The 1-loop effective potential is defined as:
Γ = −
∫
dτ Veff (11)
To first approximation, however, it is not necessary to compute the functional determi-
nants. As was suggested by Talfjord and Periwal [31] and Talyor [30], one could deduce the
effective potential by simply evaluating the mass spectrum of the fluctuating fields. From
the masses, the 1-loop contribution to Veff could be easily deduced using the formula:
V 1−loopeff = −
1
2
( ∑
real bosons
mb −
∑
real fermions
mf −
∑
real ghosts
mg
)
(12)
The physical reasons for this is that at large distances, i.e. the limit where Supergravity is
valid, all the string stretching between the D0-branes can be assumed to lie in their ground
state. This result can also be verified using the complete expression for Veff in terms of
functional determinants. We provide an argument for this in Appendix A. In what follows,
we will omit the superscript 1 − loop, assuming this is understood. The contribution from
tree level, which does not concern us here, is simply the Lagrangian with X replaced by B.
Both contributions will be put back together at the end in eqn(19).
One important point to note is that this method is valid only up to the lowest powers of v,
as is already known in the flat space case. In flat space, the above formula reproduces every
term predicted by a Supergravity computation with the right coefficients, but the Matrix
Theory corrections to Supergravity, i.e. terms with even higher powers of v and 1/r which
would not be found in Supergravity, will not come out with the correct coefficients. In fact,
the parameter α can be treated as the counting parameter for this purpose. All terms of order
α3, which is basically κ211 in the Supergravity language, will be found on the Supergravity
side, but terms on the Matrix Theory side with higher powers of α, which represent short
distance effects, should be treated as corrections. To compute them correctly, one needs to
make use of the complete expression in terms of functional determinants.
For our purpose, however, the above approach is sufficient. We are not interested in com-
putating the correction to Supergravity, rather we would like to check whether the terms
already predicted by Supergravity in the pp-wave background can be reproduced by a Matrix
6
Theory calculation.
5 A Simple Case
In the next section we will work out a more efficient method to compute Veff without
explicitly diagonalizing the mass matrix. Nevertheless, it is instructive to work out the
simplest case in a direct approach to get the basic idea of the computation.
In this simple case, we put x8 = b and x9 = vτ , while all the other xI are set to zero5. Here
b is a constant, which can be interpreted as the impact parameter of the approaching probe
graviton towards the source sitting at the origin. In this case, the mass matrix constructed
from eqn(7), (8) and (9) is easily diagonalized to give the mass spectrum listed in Table 1.
It should be noted that the velocity in the table above is measured in Euclidean time τ ,
i.e. v = ∂x
∂τ
. In a comparison with Supergravity, a Wick rotation back into Minkowski time
t = −iτ is required, which introduces extra minus signs in Veff .
With the mass spectrum at hand, Veff can be evaluated using eqn(12):
Veff = −1
2
(2)(3
µ
3
+ 6
µ
6
− 8µ
4
)− 1
2
{
6
√
r2 + µ2/32 + 10
√
r2 + µ2/62 + 2
√
r2 + η+
+ 2
√
r2 + η− − 8
√
r2 + µ2/42 + v − 8
√
r2 + µ2/42 − v − 4r
}
(13)
At this point it is useful to restore the factors of M3R, which we denote as 1/α. For
instance, the first square root term in the about equation becomes:√
r2
α2
+
µ2
32
(14)
This can in turn be written as:
r
α
√
1 +
1
32
(
α
r2
)(αµ2)
The expression for Veff given above, being a Matrix Theory result, is only expected to
match with Supergravity in the large r limit (if it does at all!). Defining the large r limit
5Note that by putting all xi to zero for i = 1, 2, 3, we made sure that in this case the Myers term will not
contribute to the mass matrix.
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m2 Fields
0 ζ0
µ2/32 ζ i ; i = 1, 2, 3
µ2/62 ζa ; a = 4, ..., 9
0 ζ˜0
µ2/32 ζ˜ i ; i = 1, 2, 3
µ2/62 ζ˜a ; a = 4, ..., 9
r2 + µ2/32 zi, zi ; i = 1, 2, 3
r2 + µ2/62 za, za ; a = 4, ..., 8
r2 + η+ z
0 + z9, z0 + z9
r2 + η− z0 − z9, z0 − z9
µ2/42 η (8)
µ2/42 η˜ (8)
r2 + µ2/42 + v θ (8)
r2 + µ2/42 − v θ (8)
0 ǫ, ǫ
0 ǫ˜, ǫ˜
r2 cI , cI ; I = 1, 2
Table 1: The Mass Spectrum for a Simple Case. The numbers inside the round brackets
indicate the number of physical degrees of freedom of the fermions with the given mass. η±
is given by 1
2
[µ
2
62
±
√
(µ
2
62
)2 + 16v2] .
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by eqn(2), we can then expand the 1-loop effective potential in powers of α2µ2/r2. Thus,
expanding Veff gives:
Veff = α
3(
15
16
v4
r7
+
7
96
µ2v2
r5
+
1
768
µ4
r3
) +O[α5] (15)
Wick rotating v, and restoring Np, Ns gives:
Veff =
NpNs
M9R3
(
15
16
v4
r7
− 7
96
µ2v2
r5
+
1
768
µ4
r3
) +O[α5] (16)
The α3 terms give the factor 1/M9, which translates into κ211 in the Supergravity language.
This is the order we are interested in. We throw away the higher powers of α (which are
always accompanied by powers of 1/r) because they correspond to short distance corrections
to Supergravity, just as in flat space.
Here the first term is just the flat space result. The second and the third term are the
interesting ones, with new µ2v2 and µ4 dependence created by the pp-wave background. A
comparison of their coefficients with Supergravity will show exact agreement.
6 Mass Matrix Computation
In the more general cases, when the velocity and the impact parameter point in arbitrary
directions, calculating the effective potential Veff by finding the entire m
2 spectrum, then
taking their square roots and expanding them in powers of µ and v becomes inefficient, since
in the most general case this involves finding the eigenvalues of mass matrices of very high
dimension.
Instead, it is possible to make use of the sum over mass formula in eqn(12) without
explicitly diagonalizing the mass matrix. Let us denote the square of the mass matrix as
W = M2. Since there is never any mixing between the bosons, the fermions and the ghosts,
we can study their mass matrices separately.
In terms of W , the sum over mass formula becomes:
V 1−loopeff = −
1
2
tr(
√
Wb −
√
Wf −
√
Wg) (17)
The square root of W can be defined unambigously by its expansion in powers of α/r2
in the Supergravity limit, as was discussed in Section 5. Note that Mb is defined to be the
mass matrix for real bosons. If it is taken to be the mass matrix for the complex bosons,
then there will be an extra factor of two in front of
√
Wb.
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6.1 Simple Recipe for Mass Matrix
In this subsection we will give a simple recipe for writing out M2 for both the bosons and
the fermions. The mass for the ghosts is exactly the same as in the simple case of Section 5.
First of all, we should note that the mass of ζ i and ζa are always µ/3 and µ/6 respectively
for i = 1, 2, 3 and a = 4, ..., 9. The mass of all eight physical degrees in η is always µ/4.
These are independent of the background B. Mixing occurs only among the zI and among
the θ and θ. Hence in what follows, we will denote the component arising from say zIzJ in
the bosonic Lagrangian simply as (M2)IJ without mentioning z explicitly. Note also that
M2 is symmetric.
6.1.1 Rules for Bosons
1. (M2)00 = r
2; (M2)ii = r
2 + µ2/32; (M2)aa = r
2 + µ2/62;
2. x˙I = vI mixes z
0 and zI ⇒ (M2)0I = −2vI
3. x1 = b1 mixes z
2 and z3... etc ⇒ (M2)jk = iµǫijkbi
Note that Rule 3 applies only to zi but not za. Such mixing is the effect of the Myers
term in the Matrix Theory action.
6.1.2 Rules for Fermions
The mass matrix for the fermions can be written in a closed form:
M2 = r2 + µ2/42 +
9∑
I=1
vIγI +
3∑
i=1
iµxi
4
{γi, γ123} (18)
7 The General Case
Once the mass matrix squared W = M2 is known, eqn(17) can then be used to compute the
1-loop effective potential explicitly. In accordance with our earlier discussions, only terms
up to order α3 ∼ 16π5/M9 = κ211 are kept. After restoring all factors of M3R, Np, and Ns,
the 0 and 1-loop effective potential is given by:
10
V 0,1−loopeff =
Np
2R
(
9∑
I=1
v2I + g++) +
NpNs
M9R3
{
15(
∑9
I=1 v
2
I )
2
16r7
− µ
2
∑3
i=1 v
2
i
96r5
− 7µ
2
∑9
a=4 v
2
a
96r5
+
15µ2
32r7
[
3∑
i=1
x2i
(
−
3∑
i=1
v2i +
9∑
a=4
v2a
)
+ 2(
3∑
i=1
xivi)
2
]}
+
µ4NpNs
R3M9
1
768r7
{
32
[
3∑
i=1
(xi)2
]2
+
[
9∑
a=4
(xa)2
]2
− 12
3∑
i=1
(xi)2 ·
9∑
a=4
(xa)2
}
(19)
This is the equation to be compared with the Supergravity result. Notice the effective
potential has manifest SO(3)×SO(6) symmetry, as should be expected from the symmetry
of the original Matrix Theory action. Just as in flat space [20], one should be able to recast
this 1-loop effective potential in the form T µνGµν . A comparison with the Supergravity
side will indeed confirm this, as this is precisely the form of the effective potential on the
Supergravity side as derived in Appendix B.
Having computed the effective potential on the Matrix Theory side, the next step will
be to compare it with the result from a Supergravity calculation. Before this could be done,
the issue of gauge choice has to be addressed.
It is necessary to make a gauge choice when solving the Einstein equations. A gauge
choice corresponds to a choice of the coordinate system one uses to describe the physics. On
the Matrix Theory side, such a choice of coordinates was made right from the very beginning:
The action in eqn(3) was written in coordinates that made the SO(3) × SO(6) symmetry
manifest. Before a comparison is possible, a corresponding choice of coordinates, i.e. a choice
of gauge has to be made on the Supergravity side.
A comparison of the above equation with the general expression for Veff in eqn(56) will
in the end determine the correct gauge choice for the Supergravity computation. There will
be a further discussion about gauge choice in the Supergravity section.
8 The Supergravity Effective Potential
To find the two-body effective action, one only needs to solve for the metric perturbation
caused by the source graviton at the linear order (∼ κ211).
The action is given by:
S = SG + SA + SP (20)
SG is the Einstein action for the metric:
SG =
1
κ211
∫
d11x
√
|g|R (21)
11
SA is the action for the three-form:
SA = − 2
κ211
∫
d11x
{ √|g|
2 · 2 · 4!F
µνλξFµνλξ +
1
12
1
3!(4!)2
ǫµ1...µ11Aµ1µ2µ3Fµ4...µ7Fµ8...µ11
}
(22)
SP is the action for the source graviton (the subscript P means ”particle”):
SP = CP
1
2
∫ +∞
−∞
dξ
(
1
β(ξ)
gµν(y)
dyµ
dξ
dyν
dξ
− β(ξ)m2
)
(23)
with CP being some constant.
The above action gives the equations of motion for the metric, the 3-form field, and the
source graviton, all listed below.
The Einstein equation:
Rµν − 1
2
Rgµν = κ
2
11
(
[Tµν ]A + [Tµν ]P
)
(24)
The Maxwell equation:
∂µ
(√
|g|F µνλξ
)
− 1
1152
ǫνλξρ1...ρ8Fρ1...ρ4Fρ5...ρ8 = 0 (25)
The geodesic equation:
d2yµ
dξ2
+ Γµρν(y)
dyρ
dξ
dyν
dξ
= 0 (26)
[Tµν ]A and [Tµν ]P are the stress tensors obtained by varying SA and SP w.r.t. the metric,
given below:
[Tµν ]A =
1
12κ211
(
FµλξρF
λξρ
ν −
1
8
gµνF
ρσλξFρσλξ
)
(27)
[Tµν ]P (x) =
CP
2
1√
|g(x)|gµρ(x)gνλ(x)
∫ +∞
−∞
dξ
1
β(ξ)
dyρ(ξ)
dξ
dyλ(ξ)
dξ
δ(11)(x− y(ξ)) (28)
Setting CP to zero means the absence of the source graviton. In this case, a solution to
the above equations of motion is the pp-wave background. The metric gµν and the 4-form
field strength are given by:
g+− = 1, g++ = −µ2
[
1
9
3∑
i=1
(xi)2 +
1
36
9∑
a=4
(xa)2
]
, gAB = δAB (29)
F123+ = µ (30)
In our convention, µ, ν, ρ, . . . take the values +,−, 1, . . . , 9; A,B,C, . . . take the values
1, . . . , 9; i, j, k, . . . take the values 1, . . . , 3; and a, b, c, . . . take the values 4, . . . , 9
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The introduction of a source graviton, i.e. a non-zero CP , perturbs the above pp-wave
solution:
gµν −→ gµν + hµν ≡ Gµν ; Fµνρσ −→ Fµνρσ + fµνρσ
It suffices to solve the geodesic equation at the zeroth order of CP , which gives a solution
x+ = ξ, x− = 0, xA = 0
and the corresponding stress tensor of the source graviton is then:
[Tµν ]P (x) = p
+gµ+gν+δ(x
−)
9∏
A=1
δ(xA) (31)
where p+ ≡ CP
2β0
is a constant (note that β(ξ) is a constant β0 for a geodesic) and in what
follows we will use p+ instead of CP . Note that the order of κ
2
11 is the same as the order of p
+.
Also note that the only non-vanishing component of [Tµν ]P is [T−−]P = p
+δ(x−)
∏9
A=1 δ(x
A).
In what follows we will integrate everything over the x− direction, thus getting rid of
δ(x−) and derivatives w.r.t x−. On the Matrix Theory side, the effective potential was only
computed up to 1-loop. In Supergravity language, that means we are only looking at order
κ211. To find the effective potential on the Supergravity side up to this order, we need only
the linearized (i.e. to the linear order of p+) Einstein equation and Maxwell equation.
We consider static solutions which has no x+ dependence. Also we restrict our attention
to metric and gauge field perturbations that go to zero at infinity. The linearized Einstein
equation in 11 dimension is:
δRµν = κ
2
11
[
δTµν +
1
9
gµν
(
T αβhαβ − gαβδTαβ
)] ≡ Tµν (32)
where the perturbation to the total stress tensor is given by
δTαβ = [δTαβ]A + [Tαβ]P (33)
[δTαβ ]A is the perturbation to the stress tensor of the gauge field, which is to be expressed
in terms of the perturbation to the field strength.
First look at the (−−) component of the Einstein equation:
δR−− = −1
2
9∑
A=1
∂2h−−
∂xA∂xA
(34)
and
T−− = κ211δT−− = κ211 [T−−]P = κ211p+
9∏
A=1
δ(xA) (35)
13
where [δT−−]A = 0 (as can be readily verified) has been used.
This gives
h−− =
κ211p
+
π4
15
16
1
|~x|7 (36)
where we use ~x to denote the 9-dimensional vector in the transverse directions.
The (−A) component of the Einstein equation is,
δR−A = −1
2
9∑
B=1
∂2h−A
∂xB∂xB
+
1
2
9∑
B=1
∂2h−B
∂xA∂xB
(37)
and
T−A = 0 (38)
which gives
h−A = 0 (39)
Now we look at the linearized Maxwell equation, in terms of the gauge potential per-
turbation aµνρ (note fλµνρ = ∂λaµνρ − ∂µaνρλ + ∂νaρλµ − ∂ρaλµν). We choose to work in the
“Lorentz gauge” where
∑9
D=1 ∂DaµνD = 0. The upper (AB+) component of the Maxwell
equation gives:
9∑
D=1
∂2DaAB− −
9∑
D=1
∂D [h−−FDAB+] = 0 (40)
Using the expression for h−− that we just found, we have:
aij− =
µκ211p
+
π4
15
32
3∑
k=1
ǫijk
xk
|~x|7 (41)
while all other aAB−’s vanish. This gives the field strength:
f−ijk =
µκ211p
+
π4
15
32
ǫijk
[
7
∑3
i=1(x
i)2
|~x|9 − 3
1
|~x|7
]
f−ijb =
µκ211p
+
π4
15
32
3∑
k=1
ǫijk
[
7
xkxb
|~x|9
]
(42)
Next consider the upper (ABC) component of the Maxwell equation. Using the fact that
h−A = 0 and aAB− = 0 except for aij−, we have:
9∑
D=1
∂2DaABC = 0 (43)
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hence, all aABC = 0. Now the (A+−) component. Using h−A = 0 we get
9∑
D=1
∂2DaA−+ = 0 (44)
thus aA−+ = 0. Now we go back to look at the (+A) component of the Einstein equation.
Using h−A = 0, we get
δR+A = −1
2
9∑
B=1
∂2h+A
∂xB∂xB
+
1
2
9∑
B=1
∂2h+B
∂xA∂xB
(45)
Using aA−+ = 0, aABC = 0, and h−A = 0, we get
T+A = 0 (46)
So we conclude that
h+A = 0 (47)
Now consider the (+−) component of the Einstein equation
δR+− = −1
2
9∑
A=1
∂2h+−
∂xA∂xA
+
1
2
9∑
A=1
∂g++
∂xA
∂h−−
∂xA
(48)
and
T+− = 1
6
(
µ2h−− − µf−123
)
(49)
In writing T+−, we made use of the following equations:
[δT+−]A =
µ2
4κ211
h−−
[δTij ]A =
1
4κ211
δij
(−2µf−123 − µ2h−−)
[δTbc]A =
1
4κ211
δbc
(
2µf−123 + µ
2h−−
)
[δTib]A = −
µ
4κ211
3∑
j,k=1
ǫijkf−jkb (50)
Solving this Einstein equation we have:
h+− = −µ
2κ211p
+
π4
[
5
64
∑3
i=1(x
i)2
|~x|7 +
1
192
1
|~x|5
]
(51)
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The (AB) component of the Einstein equation reads:
δRAB = −1
2
[
9∑
C=1
∂2hAB
∂xC∂xC
−
9∑
C=1
∂2hAC
∂xB∂xC
−
9∑
C=1
∂2hBC
∂xA∂xC
+
9∑
C=1
∂2hCC
∂xA∂xB
+ 2
∂2h+−
∂xA∂xB
]
+
1
4
[
2h−−
∂2g++
∂xA∂xB
+ 2g++
∂2h−−
∂xA∂xB
+
∂g++
∂xA
∂h−−
∂xB
+
∂g++
∂xB
∂h−−
∂xA
]
(52)
and
Tij = − 1
3
δij
(
2µf−123 + µ
2h−−
)
Tbc = 1
6
δbc
(
2µf−123 + µ
2h−−
)
Tib = − µ
4
3∑
j,k=1
ǫijkf−jkb (53)
So far the need to make a gauge choice for the metric has not arisen. Now to solve for
hAB we must make a gauge choice for the metric. Let G
ρσ and Γµρσ denote the complete
inverse metric and Christoffel symbol respectively (by ”complete”, we mean they include
both the unperturbed and perturbed part). We shall fix the gauge by specifying GρσΓµρσ.
As can be easily verified,
GρσΓ+ρσ =
9∑
C=1
∂Ch−C = 0
GρσΓ−ρσ =
9∑
C=1
(−h−C∂Cg++ + ∂Ch+C − g++∂Ch−C) = 0
GρσΓAρσ =
9∑
C=1
∂ChAC − 1
2
∂A
(
9∑
C=1
hCC + 2h+− − g++h−−
)
(54)
so we need to specify GρσΓAρσ to fix the gauge.
Using the above expressions for GρσΓAρσ, we can rewrite δRAB as
δRAB = −1
2
[
9∑
C=1
∂2hAB
∂xC∂xC
− ∂
(
GρσΓAρσ
)
∂xB
− ∂
(
GρσΓBρσ
)
∂xA
+
1
2
(
∂g++
∂xA
∂h−−
∂xB
+
∂g++
∂xB
∂h−−
∂xA
)]
(55)
In general relativity we often use the “harmonic gauge” where we set GρσΓAρσ = 0 (which
is satisfied by the unperturbed pp-wave background). Here, however, we shall opt for a
different gauge.
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As derived in the Appendix B, the effective potential is given by:
Veff =
Np
R
{
1
2
[
v2 + g++ + h++ + g++
(
1
4
g++h−− − h+−
)
+
∑
A
[2h+A − h−A(v2 + g++)]vA +
∑
A,B
hABv
AvB
]
+
1
8
h−−v
4 − 1
2
v2
(
h+− − 1
2
g++h−−
)}
(56)
where Np is the number of D0-branes forming the probe graviton, and v
A ≡ x˙A, v2 ≡∑9
A=1(v
A)2. As h+A, h−A all vanish, they simply drop out of the effective potential.
The computation on Matrix Theory side in section 7 tells us that in the effective potential
there are no terms of the form vavb for a 6= b, nor are there terms of the form viva. This
suggests we choose the gauge such that hab ∝ δab, and hia = 0. To make hab ∝ δab, we set:
GρσΓaρσ =
1
2
h−−∂ag++ (57)
then, to make hia = 0, we set:
∂b
(
GρσΓiρσ
)
=
1
2
∂ig++∂bh−− − µ
2
ǫijkf−jkb
which implies
GρσΓiρσ =
35
96
µ2κ211p
+
π4
xi
|~x|7 (58)
In this gauge, the Einstein equation gives:
hab = δab
µ2κ211p
+
π4
1
96
[
15
2
∑3
k=1(x
k)2
|~x|7 −
1
|~x|5
]
(59)
hij = δij
µ2κ211p
+
π4
1
96
[
−15
∑3
k=1(x
k)2
|~x|7 +
1
2
1
|~x|5
]
+
µ2κ211p
+
π4
15
64
xixj
|~x|7 (60)
Now let us look at the upper (AB−) component of the Maxwell equation. It gives the
following equations:
9∑
D=1
∂2Daij+ − g++
9∑
D=1
∂2Daij− −
9∑
D=1
∂Dg++ (∂Daij− + ∂iajD− + ∂jaDi−)
+µ
3∑
k=1
ǫijk
{
−
9∑
D=1
∂DhDk +
3∑
m=1
(∂mhmk − ∂khmm) + ∂k
[
1
2
(
g++h−− +
9∑
D=1
hDD
)]}
= 0 (61)
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9∑
D=1
∂2Dabc+ = 0 (62)
9∑
D=1
∂2Daib+ = 0 (63)
Solving them gives:
aij+ =
µ3κ211p
+
π4
(
3∑
k=1
ǫijkx
k
)
1
384 |~x|7
[
−29
3∑
m=1
(xm)2 +
9∑
a=4
(xa)2
]
(64)
abc+ = 0 (65)
aib+ = 0 (66)
They give the field strength:
f+ijk =
µ3κ211p
+
π4
ǫijk
1
384 |~x|9
[
−58
3∑
m=1
(xm)2 − 3
9∑
a=4
(xa)2 + 149
3∑
m=1
(xm)2 ·
9∑
a=4
(xa)2
]
f+ijb =
µ3κ211p
+
π4
(
3∑
k=1
ǫijkx
k
)
5
384
xb
|~x|9
[
−41
3∑
m=1
(xm)2 +
9∑
a=4
(xa)2
]
(67)
As can be easily checked, all the aµνρ we have found indeed satisfy the Lorentz gauge.
Finally, we consider the (++) component of the Einstein equation:
δR++ = − 1
2
9∑
A=1
∂2Ah++ +
1
2
9∑
A,B=1
∂Ag++∂BhAB − 1
4
9∑
A,B=1
∂Ag++∂AhBB
+
1
2
9∑
A,B=1
hAB∂A∂Bg++ +
1
2
9∑
A=1
∂Ag++∂Ah+− +
1
4
9∑
A=1
g++∂Ag++∂Ah−−
− 1
4
9∑
A=1
h−− (∂Ag++)
2 (68)
and
T++ = − µ
2
(
2f+123 + µ
3∑
i=1
hii
)
+
µ
6
g++ (2f−123 + µh−−) (69)
From this we find
h++ =
µ4κ211p
+
π4
1
6912 |~x|7
116
[
3∑
i=1
(xi)2
]2
+ 2
[
9∑
a=4
(xa)2
]2
− 17
3∑
i=1
(xi)2 ·
9∑
a=4
(xa)2
 (70)
To summarize, the nonzero components of the metric perturbation are : h−− [eqn(36)],
h+− [eqn(51)], hab [eqn(59)], hij [eqn(60)], h++ [eqn(70)]; and the nonzero components of
the field strength perturbation are: f−ijk, f−ijb [eqn(42)] and f+ijk, f+ijb [eqn(67)].
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Substituting the expressions for the metric into our formula for Veff in eqn(56), averaging
hµν over x
−(i.e. dividing by 2πR), and noting that κ211 =
16pi5
M9
, p+ = Ns
R
, we find
Veff =
Np
2R
(v2 + g++) +
15
16
NpNs
M9R3
v4
|~x|7
+
µ2NpNs
R3M9
{[
− 1
96
1
|~x|5 −
15
32
(x1)2 + (x2)2 + (x3)2
|~x|7
] 3∑
i=1
(vi)2 +
15
16
∑3
i,j=1 x
ixjvivj
|~x|7
+
[
− 7
96
1
|~x|5 +
15
32
(x1)2 + (x2)2 + (x3)2
|~x|7
] 9∑
a=4
(va)2
}
+
µ4NpNs
R3M9
1
768 |~x|7
32
[
3∑
i=1
(xi)2
]2
+
[
9∑
a=4
(xa)2
]2
− 12
3∑
i=1
(xi)2 ·
9∑
a=4
(xa)2
 (71)
Comparison of the above formula with eqn(19) on the Matrix Theory side shows exact
agreement.
We would like to emphasize the approximation involved once again. We treated the
source graviton as a perturbation to the exact pp-wave background, and the calculation was
performed only to first order in p+. However the solution that we found for these linearized
equations is exact in µ.
9 Discussion and Future Directions
In this paper, the effective potentials of Matrix Theory and Supergravity describing graviton
scattering are computed, and they are found to agree exactly at order κ211, up to quantum
corrections at short distances. This provides evidence that the Matrix Theory action pro-
posed in [24] describes M-theory in the pp-wave background. Furthermore, it implies the
existence of a nonrenormalization theorem protecting the terms studied against higher loop
corrections on the Matrix Theory side. Such nonrenormalization theorems have been studied
in flat space [5, 6, 7, 8, 9, 10, 11]. In these papers, the SO(9) symmetry in the transverse
space appears to be a crucial ingredient. In the pp-wave background, however, this is broken
to SO(3)× SO(6), so it will be interesting to see how the result could be extended in this
case.
Our result at order µ2 agrees with Taylor and Van Raamsdonk’s proposal in [20] for
Matrix Theory in a weakly curved background up to linear terms. As mentioned in their
discussion, their proposal is proven only in the case where the background is produced by
well-defined Matrix Theory configurations. It is not the case for the pp-wave background,
so their proposal for the Matrix Theory in this background, while convincing, is not a
proven fact. Thus the result at µ2, i.e. terms linear in the background, can be treated as
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additional evidence for their proposal, similar to the explicit calculation in [21], this time
with a nontrivial g++ metric component.
The result at order µ4 is beyond linear order in the background, and hence is a completely
new result. In fact, our calculation explicitly shows that there are no higher powers of µ in
the effective action of the Supergravity side at the order κ211. On the Matrix Theory side,
higher powers of µ are also not expected for long distances. When they do appear, they are
always accompanied by higher powers of α/r2, which indicates that they are corrections to
Supergravity at short distances. However, as it stands, the corrections for velocity dependent
terms are unreliable because they are computed using the sum over mass formula, which is
exact only for terms independent of velocity or terms proportional to κ211, as is shown in the
Appendix A. Evaluating these corrections exactly requires going beyond the sum over mass
formula, and an efficient way of handling the mass matrix will be of use.
An obvious future direction is to push our Matrix Theory computation to 2-loop. This
can test whether a nonrenormalization theorem exists for the terms compared. A 2-loop
computation is also necessary if we are to extend our result to three-body interactions.
In this paper, a very special bosonic background is chosen, with the source graviton
sitting at the origin. It may be of interests to generalise to the case where neither of the
gravitons are fixed at the origin.
A very interesting prospect is to calculate scattering from a transverse fivebrane, recently
constructed in [32]. However, the effect of a transverse fivebrane in this background may
only be visible through a higher loop computation on the Matrix Theory side.
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Appendix A
Sum Over Mass Formula
In this appendix we will prove the sum over mass formula in eqn(12).
The effective action Γ of a theory expanded upon a background B in the background
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field method is given by:
Γ =
1
2
[Trboson ln(−∂2τ+Wb(τ))−Trfermion ln(−∂2τ+Wf (τ))−Trghost ln(−∂2τ+Wgh(τ))] (72)
Here W = M2 is the mass matrix squared for the fluctuating fields, and the trace Tr is
over both the functional space and the field component indices (which are, besided the U(2)
indices, the spacetime indices 0, 1, .., 9 for the bosons, and the 16 Dirac spinor indices for the
fermions).
Take the trace of the boson, for example:
Γboson =
1
2
Trboson ln(−∂2τ +W (τ))
= −1
2
Tr
∫ ∞
0
ds
s
exp[−s(−∂2τ +W (τ))] (73)
The trace over functional space can be computed using the “plane-wave” basis wavefunc-
tions |ω >= 1√
2pi
e−iωτ ,
Γboson = −1
2
tr
∫
dτ
∫
dω
2π
∫ ∞
0
ds
s
eiωτexp[−s(−∂2τ +W (τ))]e−iωτ (74)
The trace tr is now over only the field component indices. If we define Veff by:
Γ = −
∫
dτVeff (75)
Then, the bosonic part of Veff becomes:
Veff(boson) =
1
2
tr
∫
dω
2π
∫ ∞
0
ds
s
eiωτexp[−s(−∂2τ +W (τ))]e−iωτ (76)
The operator in the middle can be rewritten in the following way:
exp[−s(−∂2τ +W (τ))] = Xe−sW (τ)e+s∂
2
τ (77)
Where X is defined as:
X ≡ exp[−s(−∂2τ +W (τ))]e−s∂
2
τ e+sW (τ)
= 1 + commutator terms (78)
The commutator terms give corrections to Supergravity, so for the purpose of this paper,
which is to see whether Matrix model can reproduce Supergravity results, we can ignore
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them. This claim will be proven shortly, after the result from approximating X = 1 is
examined. In this approximation, we have:
Veff(boson) =
1
2
tr
∫
dω
2π
∫ ∞
0
ds
s
exp[−s(ω2 +W (τ))]
⇒ Veff = −1
2
tr M (79)
Note that M , the square root of W , can be defined through its expansion in powers of 1/r.
Putting everything together, and minding the minus signs for the fermions and the ghosts,
we get the sum over mass formula in eqn(12). Now, we return to the claim made above, that
the commutator terms in X will not contribute to terms in the Supergravity limit. To show
this, we first write X in a most general form:
X =
∑
n,m
K[mn ](W )s
n∂m (80)
Here K[mn ](W ) is a general function of W and its derivatives, and is defined by the above
equation. Looking back at the definition of X in eqn(78), we see that n counts the number
of terms involved in forming the commutator, and m is the number of derivatives not acting
on W . For example, when n = 0, it implies m = 0, and K[00] = 1, corresponding to the
approximation we made above. All the other values of n correspond to commutator terms
in X , and in particular, K = 0 when n = 1, because a commutator takes at least two terms.
Putting X in terms of K into Veff , we will encounter the following factor inside the
integrand:
eiωτ∂me−iωτ =
m∑
l=0
(ml )(−iω)l∂m−l =
[m/2]∑
l=0
(m2l)(−ω2)l∂m−2l (81)
[m/2] is the biggest integer no larger than m/2. In the last line, we made use of the fact
that ω will be integrated from −∞ to +∞ so that any odd functions in the integrand will
give zero. As a result, only terms with even powers of ω are kept. Therefore, the effective
potential becomes:
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Veff (boson) =
1
4π
∑
n,m
tr
∫
dω
∫ ∞
0
ds
s
K[mn ]s
neiωτ∂me−iωτe−sW e−sω
2
=
1
4π
∑
n,m
[m/2]∑
l=0
tr
∫
dω
∫ ∞
0
ds
s
(m2l)(−ω2)le−sω
2
K[mn ]s
n∂m−2le−sW
=
1
4π
∑
n,m
[m/2]∑
l=0
tr
∫ ∞
0
ds
s
(m2l)(
∂l
∂sl
√
π
s
)snK[mn ]∂
m−2le−sW
= tr
∑
n,m
[m/2]∑
l=0
1
4
(m2l)
1
Γ(1/2− l)K[
m
n ]∂
m−2l
∫ ∞
0
ds
s
sn−l−1/2e−sW
= tr
∑
n,m
[m/2]∑
l=0
1
4
(m2l)
Γ(n− l − 1/2)
Γ(1/2− l) K[
m
n ]∂
m−2l 1
W n−l−1/2
(82)
Thus, the effective potential can be recasted in the following form:
Veff = tr
∑
n,m
[m/2]∑
l=0
1
4
(m2l)
Γ(n− l − 1/2)
Γ(1/2− l) α
2(n−l)−1K[mn ](W )∂
m−2l 1
(α2W )n−l−1/2
(83)
As before, α = 1/(M3R). The reason these factors of α are inserted will be clear shortly.
In a comparison of 1-loop Matrix Theory with Supergravity, the relevant terms on the
Supergravity side are proportional to κ211, which is of order α
3 on the Matrix Theory side.
This means any terms of higher powers of α are irrelevant for such a comparison as they
represent only Matrix Theory corrections to Supergravity, and finding them is not the pur-
pose of this paper. In other words, to examine whether the Matrix Theory can reproduce
Supergravity in the appropriate limit, only terms up to α3 need to be kept.
It makes sense, therefore, to examine each factor in Veff and count the powers of α it
contains. We begin with the mass matrix squared. By inspection of the explicit expressions
given in setion 6, one sees that W can always be written in the following form:
W ∼ 1
α2
r2 +
1
α
N
⇒ α2W ∼ r2 + αN
⇒ (α2W )k ∼ 1 + αN + (αN)2 + · · · (84)
For example, using eqn(18), we have:
αNf = α(
9∑
I=1
vIγI +
3∑
i=1
iµxi
4
{γi, γ123}) + α2µ2/42 (85)
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Similarly, αNb can be constructed using the rules given in section 6, while αNgh = 0. From
the explicit expressions of N , it can be shown easily that tr αN = 0, tr [(αN)2] = 0+O[α4],
and tr [(α∂N)2] = 0+O[α4]. These facts are related to the large number of supersymmetries
of our system and will be of use shortly. The last line in eqn(84) is a symbolic statement
that for any k, whether positive or negative, (α2W )k will only give non-negative powers of α.
Another important point to note is that every α arising from (α2W )k is accompanied by a
factor of N . Now look at K[mn ]: Let K[
m
n ] =
∑
p,qK[
m p
n q ] where p is the number τ -derivatives
acting on W inside K, and q is the number of W inside K. By definition, we have:
p+m
2
+ q = n (86)
For n = 0 ⇒ K = 1;
For n = 1 ⇒ K = 0;
For n ≥ 2 ⇒ K consists of commutators. In this case, we have:{
q < n
p+m
2
< n
(87)
For fixed q and n ≥ 2, m and p have the following extremal values:
mmin = 0 ⇒ pmax = 2(n− q)
pmin = 1 ⇒ mmax = 2(n− q)− 1
The reason pmin = 1 is that ∂
2
τ must act at least once on W to give non-vanishing commu-
tators like [W, [W, [W, W˙ ]]] in K. Look at:
α2(n−l)−1K[mn ](W )∂
m−2l 1
(α2W )n−l−1/2
=
∑
p,q
α2(n−l)−1K[m pn q ](W )∂
m−2l 1
(α2W )n−l−1/2
=
∑
p,q
α2(n−q)−1−2lK[m pn q ](α
2W )∂m−2l
1
(α2W )n−l−1/2
=
∑
p,q
αaK[m pn q ](α
2W )∂m−2l
1
(α2W )n−l−1/2
(88)
where a = 2(n− q)− 1− 2l. Noting l ≤ [m/2] ≤ [mmax/2] = [n− q − 1/2] = n− q − 1, we
must have:
lmax = n− q − 1
⇒ a ≥ 1 (89)
From this derivation of the lower bound of a, we see that the equality holds only when
m = mmax = 2(n− q)− 1 and l = lmax = n− q − 1. Then, eqn(86) gives:
m− 2l = 1
p = pmin = 1 (90)
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A comparison with Supergravity with one-loop Matrix Theory means keeping terms only up
to α3 ∼ κ211. Therefore, we need only consider the range of a to be:
1 ≤ a ≤ 3 (91)
For a = 3: There can be no factors of αN from α2W because they increase the powers of
α beyond 3, hence taking us beyond the limit of Supergravity. Without any factors of αN ,
the effective potential is simply:
Veff = f(r)tr 1
⇒ Veff ∼ tr 1 = 0 (92)
Here, tr is again the trace over the boson minus the trace over the fermions and the ghosts.
For a = 2: There can be at most one αN , either from K(α2W ) or ∂m−2l 1
(α2W )n−l−1/2
But for
only one N , we have:
Veff ∼ tr ∂kN
= ∂ktr N
= 0 (93)
For a = 1: Now it is possible to have (αN)2 coming from one of the following three cases:
(i) Both (αN)2 come from ∂m−2l 1
(α2W )n−l−1/2
:
Veff ∼ αtr ∂m−2l (αN)2
∼ α∂m−2ltr (αN)2
∼ αO[α4]
∼ O[α5] (94)
(ii)Both (αN)2 come from K(α2W ): Since we showed that p = 1 when a = 1, there is
only one τ -derivative acting on W in K, we must have either: (a) Veff ∼ tr N2 or (b)
Veff ∼ tr (N∂τN) ∼ 12∂τ tr (N2). In either case, Veff = 0 +O[α5].
(iii) One (αN) comes from K(α2W ) and one from ∂m−2l 1
(α2W )n−l−1/2
: We already showed
that m− 2l = 1 when a = 1, so we have:
Veff ∼ K∂ 1
(α2W )n−l−1/2
(95)
This implies either: (a) Veff ∼ tr (N∂N) or (b) Veff ∼ tr (∂N∂N)
(a) is identical to case (iib) above. (b) is of order α5 using the fact mentioned before. This
exhausts all cases contributing to terms up to order α3 ∼ κ211 in Veff . In particular, we
have shown that none of the commutator terms in X , corresponding to K[mn ] with n ≥ 2,
contributes to terms relevant to Supergravity. This completes the proof of the claim made
under equation (78).
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Appendix B
Deriving Veff
The Lagrangian of the probe graviton moving in a curved spacetime with metric Gµν =
gµν + hµν is given by
6:
L = −m√−Gµν x˙µx˙ν = −m√−(gµν + hµν)x˙µx˙ν (96)
We make a Legendre transformation:
L′ = L − P+p x˙− (97)
where
P+p =
δL
δx˙−
= m
1 + h−ν x˙ν√−Gµν x˙µx˙ν (98)
When we let m→ 0, this gives
Gµν x˙
µx˙ν = 2x˙− + g++ + v
2 + hµν x˙
µx˙ν = 0 (99)
This is a quadratic equation for x˙−, which we will solve for x˙−, keeping only terms of lowest
order of p+. Recalling that all h are at least of order p+, we have:
x˙− = −
{
1
2
[
v2 + g++ + h++ + g++
(
1
4
g++h−− − h+−
)
+
∑
A
[2h+A − h−A(v2 + g++)]vA +
∑
A,B
hABv
AvB
]
+
1
8
h−−v
4 − 1
2
v2
(
h+− − 1
2
g++h−−
)}
(100)
Taking the limit m → 0, the L′ in eqn(97) is simply −P+p x˙−, which is the effective
potential Veff that we need. It contains the interaction between the probe and the source
up to terms linear in hµν . An alternative way of writing such interaction is:
δL
δGµν
hµν = T
µνhµν (101)
This structure was used by Taylor and Van Raamsdonk [20] to identify the effective potentials
on both sides.
6This approach is borrowed from [16].
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